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Introduction 
Let us consider a connected Riemannian manifold M which has the 
property that all its geodesics starting at a point pin M are simply closed 
of length L. M is necessarily compact. R. BOTT [4] has determined the 
cohomology of manifolds of this type by making use of the theory of 
M. Morse. In this paper we make the additional hypothesis that M is 
homogeneous, and show that then M is homeomorphic to a symmetric 
space of rank one, at least in the even-dimensional case. The proof is 
purely topological, the geometry having been already exploited to yield 
Bott's theorem. 
This paper is a natural continuation of [5], to which we shall refer 
frequently for various results needed here. 
The principal results of the present paper are stated in Theorem I 
and Theorem II. 
1. The topological problem 
Let M be a manifold having the property stated in the introduction. 
BOTT'S theorem [4] states that 7r:l(M)=O or Z2 and that H*(M; Z) is a 
truncated polynomial algebra in the first case, while the universal covering 
M of M is an integral homology sphere in the second case. 
We shall consider here simply connected manifolds M of even dimension. 
H*(M; Z) is then a truncated polynomial algebra on one generator y of 
even dimension. 
Now recall the following 
Theorem. (J. F. ADAMS [1]) If for the finite polyhedron X, H*(X; Z2) 
is a truncated polynomial algebra generated by one element y, then either 
y2 = 0, or y2 =1= ° and then dim y = 1, 2, 4, or 8. Moreover if dim y = 8, 
then y3=0. (This last result is due to J. ADEM.) 
Applying this result to our situation, we find that either dim y = dim M 
and y2 = 0, or dim y = 2, 4, or 8, and y2 =1= 0. 
*) The author holds a NATO-fellowship, granted by Z.W.O., the Netherlands 
organization for the advancement of pure research. 
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Let us now assume moreover that M is a homogeneous Riemannian 
manifold. Our problem is to classify all homogeneous manifolds whose 
integral cohomology is of the type described above. 
2. Homogeneous manifolds of even dimension, whose integral cohomology 
algebra is of the form Z[x]/(xk ) 
Throughout this section we shall let M stand for a simply connected 
space of this type. 
Lemma 2.1. M has positive Euler characteristic X' and we may 
write M =G/K where G is a compact, connected simple Lie group, and 
K is a connected subgroup of maximal rank in G. 
Proof: The first statement is immediate. Since M is connected, the 
identity component of the Lie group of all isometries acts transitively. 
So M =G/K with G connected, and K is connected of maximal rank 
because X(M) > ° and nl(M) = 0. We still have to show that G is simple. 
Now G is centerless [5; Lemma 1.1] and so G=G1 XG2 X ... xGr, with Gi 
compact, connected and simple. Since K has maximal rank, we have that 
K =K1 x K2 X ... X K r, where Ki C Gi, i = 1, ... , r. [5; Lemma 1.2]. It 
follows that M = In (Gi/Ki). But the cohomology algebra of a product 
of two or more factors can not be generated by a single element. Q.E.D. 
We now distinguish several cases. 
Case I. dim y=dim M; y2=0. We have X(M)=2. It follows that K 
is a maximal connected subgroup of maximal rank. (Lemma 1.3 in [5]). 
Case II. dim y=8; y2"",0; y3=0. We have dim M=16andX(M)=3. 
Again K is maximal connected of maximal rank. 
Case I I I. dim y = 2; y2"", 0, so dim M:> 4. It is convenient to represent 
M as G/K where now G is compact, simple and simply connected, and 
K is connected of maximal rank in G. The case at hand needs special care. 
First we prove 
Lemma 2.2. K is locally of the form TIXKss where Tl is a one-
dimensional torus and Kss is the semi-simple part of K. 
Proof: Consider the homotopy sequence of the fibration G --+ M 
with fiber K: 
--+ n2(G) --+ n2(M) --+ nl(K) --+ nl(G) --+ nl(M) --+. 
We know that nl(G)=n2(G)=0, so nl(K) f':::; n2(M) f':::; Z by the Hurewicz 
theorem. Let Zo(K) be the connected 1 component of the center of K. 
One knows that K is homeomorphic to Zo(K) x K S8 ' Therefore nl(Kss ) = 0, 
nl(Zo(K)) ~ Z and Zo(K) is a circle. Q.E.D. 
Note that as far as topology is concerned K may be regarded as a 
product Tl x K ss, where Tl is a one-dimensional torus. 
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Lemma 2.3. Kss is simple. 
Proof: Consider, for the real cohomology, the spectral sequence of 
the fibration G --+ M. If f3 is a non-zero element of H2(M; R), then f3k 
is a generator of H2k(M; R) for k = 1, 2, ... dim M /2. We have that 
Hl(K) ~ R. Let IX' be a generator. Then Eg·1 ~ HO(M) 0 Hl(K) is one-
dimensional with generator 1 0 IX' = IX say. Eg·1 = Ker (d2: Eg·1 --+ E~·O) = 
= Efj,;,t = ° since Hl(G) = 0. It follows that d2 : Eg·1 --+ E~·o is an isomorphism; 
therefore d21X=Y 01#0 is a generator of E~·o=H2(M) 0 HO(K) ~ R. 
Now E~·1 ~ H2(M) 0 Hl(K) with generator y 0 IX'. Then d2(y 0 IX') = 
= d2d21X' IX + (d21X)(d21X) = (y 0 l)(y 0 1)=y2 0 l. So d2: E~·1 --+ E~'o is also 
an isomorphism. Hence E~·o=E1·o=0. We now look at Eg·3 ~ HO(M) 0 
o H3(K) ~ H3(K). Since E~·2=0, we have Eg·3=Eg·3. Since E:·1=0, 
E2·3=Eg·3 and E~3=E2·3=Ker (d4: E2·3 --+ El·O). Hence E~3=E2·3 
because E1'o = ° as shown. 
Now H3(G) is one-dimensional, since G is simple. Therefore dim E~3 <,1, 
and thus also dim H3(K) <, l. If dim H3(K) = 0, then K and G both must 
have rank 1, so G ~ 8U(2), which is 3-dimensionaL It follows that dim 
M < 4, a contradiction. Hence the third Betti-number of K is equal to 1. 
which implies that Kss is simple. Q.E.D. 
We now turn our attention to the next 
Case IV. dim y=4; y2#0, dim M;;.8. In this case we have 
Lemma 2.4. If we set M =G/K, with G compact, simple and simply 
connected, then K is the direct product of two compact and connected 
simple groups. 
Proof: By the Hurewicz theorem we have :>T4(M) ~ H4(M) ~ Z. It 
is clear that :>Tl(K) = 0, so K is semi-simple, and is the direct product of 
compact simple groups. Consider now the following portion of the homo-
topy sequence of the fibration G --+ M: 
:>T4(G) --+ :>T4(M) --+ :>T3(K) --+ :>T3(G) --+ :>T3(M). 
Or, 
:>T4(G) --+ Z --+ :>T3(K) --+ Z --+ 0. 
Now :>T4(G) is finite, so the first homomorphism is zero, and hence 
:>T3(K) ~ Z E8 Z, and K is indeed the direct product of two simple groups. 
Q.E.D. 
We now discuss the cases III and IV simultaneously. First we need 
Lemma 2.5. Let G be a compact, connected Lie group, K a sub-
group of maximal rank such that H*(G/K; R) is generated by a single 
element. Let U be a maximal connected subgroup containing K. Then 
Hk(G/U; R) is at most one-dimensional, k=O, 1, .... 
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Proof: Consider the spectral sequence, for real cohomology, of the 
fibering p: GjK -» GjU, with fiber UjK. Since the Betti numbers in odd 
dimensions of GjU and UjK vanish, the spectral sequence is trivial, and 
so p*: H*(GjU; R) -» H*(GjK; R) is injective. Q.E.D. 
For brevity we shall say that a space X has property (R) if Hk(X; R 
is at most one-dimensional (k=O, 1, ... ), and that it has property (Z) if 
H*(X; Z) is generated by a single element. 
Now we first examine whether an exceptional Lie group may contain 
a non-maximal subgroup of maximal rank such that the corresponding 
homogeneous space has property (Z). In table I we have listed all possible 
maximal subgroups of maximal rank which could contain a proper sub-
group of the type wanted. We use here the table given in [3], and also 
lemma 2.3 and lemma 2.4. We also give the relevant parts of the Poincare-
polynomials over R of the corresponding homogeneous spaces. 
TABLE I 
K I K I P(GIK,t) 
E7 
AIXD6 1+t4+2ts+ ... 
A7 1+t6+ +2tIS+ ... 
Ds 1 + tS+ tl3+ 2t16+ ... 
Es AIXE7 1+t4+ts+2tI3+ ... 
As 1+t6+tS+tIO+ 2tI2+ ... 
F.! 
AIxOa 1+t4 +2ts+ ... 
B4 1+tS+tI6 
G2 I A2 1+t6 
I Al XAI 1+t4+tS 
From Lemma 2.5 and the information of table I we deduce that the 
only possibilities for a non-maximal K in exceptional G are (we are still 
investigating cases III and IV): G = F 4, K = T X B 3 , T X Aa or BI x D3• 
It is easy to verify that the corresponding homogeneous spaces do not 
have property (R). G=G2, K=TxAI CA2 or K=TxAICAIxAI. We 
shall show that the corresponding homogeneous spaces do not have 
property (Z). There are two cases to consider: 
(i) G2 jT x Al where T x Al C A 2• The homogeneous space is the 
manifold of oriented 2-planes in R7. It is known, more generally, that 
H*(80(n+2)j80(2) x80(n), Z) is not generated by a single element. 
See [2]. 
(ii) G2jT x Al where T x Al C Al X AI. It is known that the subgroup 
of type Al x Al in G2 is actually isomorphic to 80(4)=80(3) x8U(2). The 
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subgroup T x Al we are considering is then T x SU(2) C SO(3) x SU(2). 
Put X=G2/TxSU(2), and B=G2/SO(4). From general facts it is clear 
that X has no torsion and that the additive structure of H*(X; Z) is 
given by: H21e(X; Z) R:::J Z for k=O, 1, ... ,5, and Hq(X; Z)=O otherwise. 
We shall consider the fibering X --+ B with fiber SO(3)/T =S2, and work 
for the moment with coefficients in Z2. We need the following facts [2]: 
P2(B,t)=I+t2+t3+t4+t5+t6+ts. As an algebra, H*(B;Z2) has two 
generators of degrees 2 and 3 respectively, satisfying the relations 0(.3 = f32 
and f30(.2 = 0, dim 0(. = 2, dim f3 = 3. 
Let fl be a generator of H*(S2, Z2). In the spectral sequence of the 
fibering X --+ B we have E2 =E3. The map d3: Eg·2 --+ E~'o is an isomorphism 
in view ofthe fact that H3(X; Z2)=0. So d3(1 0 fl)=f3 01. Also we have 
that E~2=E~·2=0, and E~·o=E~·o=E'~o. It follows that H2(X) may be 
identified with E~·o=H2(B) 0 HO(S2), which is one-dimensional with 
generator 0(.0 1. Let). EO H2(X) correspond to 0(.0 1 under this identifi-
cation. In fact). is in the subgroup D2.0 of the filtration: H2(X; Z2) = 
=DO.2 ~ Dl.l ~ D2.0 ~ 0, and D2.0=E~o=E~·o. We shall show that ).3=0. 
For this it is sufficient to show that E6j,J = D6.0 = 0. Consider d3: E~·2 --+ E~·o. 
Now a generator of E~·2 is f3 0 fl = (f3 0 1)(1 0 fl) ; so d3(f3 0 fl) = f32 0 1 = 
= 0(.3 0 1 =1= 0. Again then d3: Eg·2 --+ E~'o is surjective, so that E~'o = 0, 
and hence also Er;,;,° = 0. 
It follows that none of the homogeneous spaces of G2 has integral 
cohomology of the desired structure. 
The results obtained so far allow us to state: for G exceptional there 
can be no non-maximal K of maximal rank such that the space G/K 
has property (Z). 
We now turn to the classical groups. In table II we have listed the 
possible non-maximal subgroups for the cases III and IV. 
G I K 
T xAn - 1 
T XDn-l 
D/cxDn-/c 
TABLE II 
P(G/K, t) 
(1+t2)(1+t4) .. 
(l + t2n -2)( 1 + t2+ 
The homogeneous space corresponding to (On, T X On-I) is a complex 
projective space, and in particular it is a symmetric space. From the 
Poincare-polynomials given in Table II it is seen that only the case 
(Bn, Die X Dn- le ) needs further consideration. We dispose of the corre-
sponding homogeneous space X by the following calculation; we are 
interested in the case where dim X is divisible by 4; then n is even. Also 
we may suppose that k;> 3, n - k;> 3 (since D2 is not simple), and hence 
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that n>6. If we put n=2p, we have p>3. Now 
X(X)=(2n·n!)j2k-l.k!.2n-k-I.(n-k)! = 4 (~), 
and dim X=2n+4k(n-k). Hence dim X<X(X), which shows that 
H*(X; R) can not have a single generator in dimension 4. 
We have proved 
Proposition 2.1. Let G be a simple, compact and connected Lie 
group, K a connected non-maximal subgroup of maximal rank. Then 
GjK has property (Z) only if G=On and K =T x On-I, SO that GjK is a 
complex projective space. 
It is now easy to prove our main result: 
Theorem I. Let M be a simply connected Riemannian homogeneous 
manifold of even dimension, having the property that all its geodesics are 
simply closed of length L. Then M is homeomorphic to a symmetric space. 
Proof: If we put M = GjK, then K is maximal connected, except for 
the one case of Proposition 2.1, which however yields a symmetric space. 
For maximal K the result follows from the proof of Lemma 3.2 in [5]. 
Q.E.D. 
As another application of our methods we determine the compact Lie 
groups that can act transitively on certain projective spaces. It should 
be noted that a manifold M as in Theorem I must be of rank one (as a 
symmetric space), and so is homeomorphic to a sphere, a complex projective 
space, a quaternion projective space, or the Cayley plane. 
Let us denote by p(Cn) the complex projective space of real dimension 
2(n -1), n> 2; by p(Hn) the quaternion projective space of real dimension 
4(n-l), n>2; and by P(Cay) the Cayley plane. Furthermore let PSU(n) 
(resp. PSp(n)) stand for the complex (resp. quaternionic) projective 
group. 
Our results can be used to deduce the following 
Theorem II. Let G be a compact connected Lie group acting 
transitively and effectively on one of the spaces p(Cn), p(Hn) or P(Cay). 
Then G must be as follows: 
for p(Cn), G=PSU(n), n>2 or G=PSp(m) if n=2m, m> 1; 
for p(Hn), G=PSp(n), n> 2; 
for P(Cay), G=F4• 
Proof: Let M stand for such a projective space. Let us represent 
M as M =GjK, where G is compact, simple and simply connected. It is 
enough to find G. From Proposition 2.1 we see that we need only look 
at pairs (G, K) where K is maximal connected. The cases that have not 
yet been excluded by Table I or Lemma 3.2 of [5] are irreducible 
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symmetric spaces of type (in E. Cartan's notation) AlII, BDI, 01, OIl, 
DIll, Ell, EIII, EVI, EIX, FI, FII, and G. Taking into account the 
isomorphisms that exist (in low dimensions) between the irreducible 
symmetric spaces of different types, we see that the various projective 
spaces occur only when G corresponds to the goups mentioned in 
Theorem II. Q.E.D. 
Remarks. 
1. We have considered in this paper only simply connected manifolds 
of even dimension. The restriction to simply connected spaces is not 
serious. The reason why we have excluded odd-dimensional manifolds is 
the following: if m = dim M is odd, (suppose m> 3) then M is an integral 
homology sphere by Bott's Theorem. By Theorems of Hurewicz and 
Whitehead, M is then of the homotopy type of an m-sphere, and hence 
by Smale's Theorem ("Generalized Poincare's conjecture in dimensions 
greater than four", Ann. of Math. (2) 74, 391-406) M is a topological 
sphere. 
2. After completion of the present investigation we learned of a paper 
(in Russian) by A. L. Oniscik which also contains Theorem II. See Math. 
Rev. 27, (1964), No. 5868. 
3. New examples of spaces whose integral cohomology algebra is a 
truncated polynomial algebra, were discovered by J. Eells and N. H. 
Kuiper. ("On manifolds which are like projective planes", Publ. Math. 
I.H.E.S. No. 14.) 
In conclusion the author wishes to express his sincere thanks to Professor 
W. T. van EST and Dr. Ph. TONDEuR for examining an early version of 
this paper. 
Katholieke Universiteit, Niimegen, Netherlands 
Harvard University, Cambridge (Mass.), U.S.A. 
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